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Abstract
We revisit QCD calculations of radiative heavy meson decay form factors by includ-
ing the subleading power corrections from the twist-two photon distribution amplitude
at next-to-leading-order in αs with the method of the light-cone sum rules (LCSR).
The desired hard-collinear factorization formula for the vacuum-to-photon correlation
function with the interpolating currents for two heavy mesons is constructed with the
operator-product-expansion technique in the presence of evanescent operators. Applying
the background field approach, the higher twist corrections from both the two-particle
and three-particle photon distribution amplitudes are further computed in the LCSR
framework at leading-order in QCD, up to the twist-four accuracy. Combining the lead-
ing power “point-like” photon contribution at tree level and the subleading power re-
solved photon corrections from the newly derived LCSR, we update theory predictions
for the nonperturbative couplings describing the electromagnetic decay processes of the
heavy mesons H∗± → H± γ, H∗ 0 → H0 γ, H∗±s → H±s γ (with H = D, B). Fur-
thermore, we perform an exploratory comparisons of our sum rule computations of the
heavy-meson magnetic couplings with the previous determinations based upon different
QCD approaches and phenomenological models.
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1
1 Introduction
Advancing our understanding of radiative heavy meson decays is, on the one hand, of impor-
tance for exploring the emerged symmetries of the QCD Lagrangian in the limit of massless
light quarks and of infinitely heavy quarks, on the other hand, crucial to develop a systematic
formalism for computing the electromagnetic corrections to flavour-changing weak decays of
heavy hadrons, which are indispensable for a detailed anatomy of the quark flavour dynamics
of the Standard Model (SM). On the phenomenological aspects, precision calculations of ra-
diative heavy meson decays are also in high demand for the sake of determining the magnetic
susceptibility of the quark condensate χ(µ) [1], which parameterizes the response of the QCD
vacuum with respect to an external electromagnetic field and serves as an essential nonper-
turbative input for the theory description of exclusive hadronic reactions involving on-shell
photons [2–12] and for the improved calculations of the muon anomalous magnetic moment
[13]. Consequently, distinct QCD techniques have been developed to allow for the system-
atical computations of radiative heavy meson decay amplitudes based upon the heavy quark
expansion technique and perturbative factorization theorems.
Employing the method of the two-point QCD sum rules (QCDSR), the electromagnetic
D∗(p+ q)→ D(q) γ(p) decay form factors were estimated at leading-order (LO) in αs [14] by
taking into account the subleading power corrections at the dimension-5 quark-gluon conden-
sate accuracy. However, implementing an approximation to avoid the double Borel transfor-
mation with respect to the variables p2 and (p+ q)2 [14] yields contamination of the obtained
sum rules due to the “non-diagonal” transitions of the ground state to excited states. The
resulting prediction for the branching fraction of D∗0 → D0 γ turned out to be larger than
that for the strong decay process D∗0 → D0 pi0 [14], in contradiction with the experimental
measurements from the CLEO [15, 16], BaBar [17], and BES III [18] Collaborations. Subse-
quently, the radiative charm-meson decay form factors were computed from the three-point
QCDSR approach 1, including the power suppressed corrections from the higher-dimension op-
erators up to the four-quark condensate [20], yielding the theoretical predictions in reasonable
agreement with the experimental results [15–18]. As demonstrated in [20], the numerically
dominant contribution to the tree-level sum rules for the radiative D∗+(s) → D+(s) γ form factors
arises from the dimension-3 quark condensate correction instead of the leading power pertur-
bative effect, due to the strong cancellation for the photon radiation off the charm and the
anti-down (anti-strange) quarks, which also justifies the high suppression of the D∗+(s)D
+
(s) γ
coupling compared with the magnetic moment for the counterpart neutral D∗0-meson. In
an attempt to eliminate the substantial contamination from the non-diagonal transitions of
constructing the traditional QCDSR for hadronic matrix elements at small momentum trans-
fer, the technically improved sum rules based upon the light-cone operator-product-expansion
(OPE) for the corresponding QCD correlation functions have been constructed [21] for com-
puting the radiative heavy meson decay form factors with the subleading power corrections
from the photon light-cone distribution amplitudes (LCDA) at the (partial)-twist-four accu-
racy. Motivated by the systematic classification of the two-particle and three-particle photon
1The double dispersion sum rules for computing radiative transition form factors in QCD were originally
suggested in [19].
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distribution amplitudes with the background field formalism [22], the updated light-cone sum
rules (LCSR) for the electromagnetic heavy-meson decay form factors were further derived in
[23] including the two-particle and three-particle “hadronic” photon corrections at twist-four
completely.
Taking advantage of the spontaneously broken chiral symmetry for the light quarks and the
emerged spin-flavour symmetry for the heavy quarks, systematic computations of the radiative
heavy-meson decay form factors have been also carried out in the framework of heavy hadron
chiral perturbation theory (HHχPT) [24–26], including the one-loop corrections to symmetry
breaking effects at O(mq) and O(1/mQ) [27] (see [28, 29] for further discussions). The strik-
ing large SU(3)-flavour symmetry breaking effects for the D∗q → Dq γ (with q = u, d, s) decay
rates can be apparently traced back to the numerical cancellation between the leading power
and the subleading power contributions in the heavy quark expansion, by accident, for the
charged charm-meson form factors with physical values of the charm-quark mass. However,
the two effective parameters gpi and β characterizing the M
∗M pi and M∗M γ couplings (with
M = D(s), B(s)) can only be extracted from the available experimental measurements of the
corresponding vector charm-meson decays [27] or determined by the non-perturbative QCD
techniques (see [30–34] and references therein), generating a significant limitation of the predic-
tive power for the HHχPT formalism. We further mention in passing that the electromagnetic
transition form factors of the low-lying heavy mesons have been evaluated phenomenologi-
cally [35] by incorporating the HHχPT framework and the vector meson dominance (VMD)
hypothesis, which gives rise to the potentially sizeable systematic uncertainty of the resulting
predictions and should be improved upon by employing the dispersion approach as developed
in [36] (see [9, 37, 38] for more applications).
On account of the substantial power suppressed corrections to the radiative D∗+(s) → D+(s) γ
decay form factors, it is apparently of importance to compute perturbative QCD corrections to
the resolved photon contributions to all the magnetic couplings responsible for H∗± → H± γ,
H∗ 0 → H0 γ, H∗±s → H±s γ (with H = D, B) at the twist-two accuracy and to refine the
aforementioned higher twist hadronic photon corrections at tree level presented in [21, 23]
by employing the LCSR method, in order to achieve a better understanding of the heavy
quark expansion for the charm and bottom hadron decays and to provide the state-of-art
theory predictions for the heavy-meson electromagnetic transition form factors in QCD. We
summarize the essential new ingredients of the present paper as follows.
• We establish the hard-collinear factorization formula for the twist-two contribution to
the vacuum-to-photon correlation function defined by the vector and pseudoscalar inter-
polating currents for two heavy mesons at next-to-leading-order (NLO) in QCD, with
the aid of the evanescent operator approach [39, 40] and the strategy of regions [41, 42].
The double spectral density appearing in the dispersion representation of the obtained
factorization formula will be derived analytically for the asymptotic photon distribution
amplitude φasyγ (u, µ) = 6u (1 − u), following the prescriptions introduced in [43]. In
particular, we extract the general expression for the QCD spectral function of the NLO
correction to the twist-two hadronic photon contribution of the vacuum-to-photon cor-
relation function, without implementing the further reduction dependent on the specific
shape of the duality region for the resulting dispersion integral [44]. QCD resummation
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for the enhanced logarithms of mQ/ΛQCD entering the hard-collinear factorization for-
mula will be accomplished at next-to-leading-logarithmic (NLL) accuracy by solving the
renormalization-group (RG) equation of φγ(u, µ) at two loops.
• We perform the continuum subtraction for constructing the sum rules of the higher twist
corrections to the M∗Mγ couplings by computing the corresponding double spectral
densities at LO in αs analytically, instead of invoking the simple replacement rule valid
for the leading twist contribution as employed in [21, 23]. Our method can be also
generalized to the LCSR calculation of the M∗Mpi couplings straightforwardly.
• We compute the light-quark mass effect for the “point-like” photon contribution to
the radiative heavy meson decay form factors at tree level and demonstrate explicitly
that such SU(3)-flavour symmetry breaking effect is power suppressed in the heavy
quark expansion, in contrast to the observed pattern for heavy-to-light B-meson decay
form factors at large hadronic recoil [45, 46]. Furthermore, we identify the precise
correspondence for all separate terms entering the “point-like” photon contributions
to the M∗Mγ couplings between the LCSR calculation and the HHχPT analysis.
This paper is structured as follows. In Section 2 we will briefly review the two equivalent
definitions of the heavy meson magnetic couplings responsible for the radiative M∗ → M γ
transitions, and then summarize the “point-like” photon contributions to the tree-level sum
rules of the M∗M γ couplings by exploring the factorization properties of the vacuum-to-
photon correlation functions under discussion in detail and computing the subleading power
perturbative correction due to the non-vanishing light quark mass at LO in the strong cou-
pling constant αs. We will proceed to establish the hard-collinear factorization formula for the
twist-two resolved photon contribution to the vacuum-to-photon correlation function at one
loop with the OPE technique in Section 3, where the general expression of the double spec-
tral density for the obtained QCD representation of the above-mentioned correlation function
at NLO will be derived analytically and the resummation improved LCSR for the twist-two
hadronic photon correction will be achieved with the standard RG resummation technique
in momentum space. Employing the background field approach we will turn to compute the
subleading power contributions to the radiative heavy meson decay form factors from the
two-particle and three-particle higher twist photon distribution amplitudes at the twist-four
accuracy within the same LCSR framework in Section 4, with an emphasis on the technical
derivation of the perturbative double spectral functions in the corresponding dispersion in-
tegrals. Phenomenological implications of the refined LCSR for the M∗M γ couplings will
be subsequently explored in Section 5, by investigating the numerical impacts of the distinct
subleading power contributions with seven non-perturbative parameters appearing in the con-
formal expansion of the collinear photon LCDA determined from the QCDSR method [2, 22]
and by performing an exploratory comparison of our LCSR calculations with the previous
determinations from the HHχPT method and from the lattice QCD simulation. Section 6
will be reserved for a summary of our main observations on the resolved photon corrections
and for theory perspectives on the future improvements of QCD calculations of the electro-
magnetic heavy meson transition form factors. We further collect the useful results of various
one-loop Feynman integrals and the master formulae to derive the spectral representation of
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the twist-two factorization formulae for the vacuum-to-photon correlation function at NLO in
Appendices A and B, respectively. For completeness, we also summarize the definitions of the
two-particle and three-particle collinear photon LCDA at twist-four in Appendix C.
2 Theory summary for radiative heavy meson decays
The purpose of this section is to present the tree-level LCSR for the “point-like” photon
contribution to the M∗M γ coupling including the SU(3)-flavour symmetry breaking effect due
to the light-quark mass correction. The vector-to-pseudoscalar heavy meson electromagnetic
transition matrix element will be parameterized in the standard way
〈M(q)|jemµ |M∗(p+ q, ε)〉 = gem
2 iV(p2)
mV +mP
µνρσ ε
ν pρ qσ , (1)
where we have introduced the following conventions
jemµ = gem
∑
q
eq q¯ γµ q , 0123 = −1 , (2)
and mV (P ) is the heavy vector (pseudoscalar) meson mass. The on-shell photon coupling with
the vector and pseudoscalar heavy mesons defined as
〈γ(p, η∗)M(q)|M∗(p+ q)〉 = −gem gM∗Mγ µνρσ η∗µ εν pρ qσ (3)
can be readily deduced from the aforementioned electromagnetic decay form factor
gM∗Mγ =
2
mV +mP
V(p2 = 0). (4)
The general strategy of constructing the sum rules for the coupling gM∗Mγ is to explore
the vacuum-to-photon correlation function, following closely [8], defined with the two local
interpolating currents for the vector and pseudoscalar heavy mesons
Πµ(p, q) =
∫
d4x e−i(p+q)·x 〈γ(p, η∗)|T{q¯(x)γµ⊥Q(x), Q¯(0)γ5q(0)} |0〉 , (5)
where the perpendicular components of the Dirac γ matrices are given by
γµ⊥ = γµ − 6n
2
n¯µ − 6 n¯
2
nµ, pµ =
n · p
2
n¯µ , (6)
with the light-cone vectors nµ and n¯µ satisfying the constraints
n · n¯ = 2, n2 = n¯2 = 0 . (7)
To demonstrate the hard-collinear factorization formula for the correlation function (5) we
will employ the following power counting scheme for the external momenta
n · p ∼ O(mQ), |(p+ q)2 −m2Q| ∼ O(m2Q), |q2 −m2Q| ∼ O(m2Q) . (8)
5
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Figure 1: Diagrammatic representation of the “point-like” photon contribution to the vacuum-
to-photon correlation function (5) at tree level.
The leading power perturbative contribution to the vacuum-to-photon correlation function
stems from the “point-like” photon component corresponding to the twist-one distribution
amplitude [22] and can be further derived at tree level straightforwardly by evaluating the two
triangle diagrams corresponding to the collinear photon coupling with the heavy-quark and
light-quark electromagnetic currents as displayed in figure 1.
The yielding contribution from the perturbative diagram in figure 1(a) is given by
Π1(a)µ (p, q) = −Nc eQ gem
∫
dD`
(2 pi)D
1
[(`− p− q)2 + i0][`2 −m2Q + i0][(`− p)2 −m2Q + i0]
Tr [γµ⊥ (6`− 6p− 6q +mq) γ5 (6`− 6p+mQ) 6η∗ ( 6`+mQ)] , (9)
including the subleading power correction due to the light-quark mass at O(ΛQCD/mQ). Ac-
cording to the power counting scheme (8) we can identify the leading power contribution of
the following scalar loop integral
I1 =
∫
dD`
(2 pi)D
1
[(`− p− q)2 + i0][`2 −m2Q + i0][(`− p)2 −m2Q + i0]
(10)
from the hard region in agreement with our expectation. It is then evident that the loop-
momentum integration entering (9) is free of the ultraviolet and infrared divergences. Com-
puting the Dirac algebra in the four-dimensional space leads to
Π1(a)µ (p, q) = −4 iNc eQ gem mQ
∫
dD`
(2 pi)D
1
[(`− p− q)2 + i0][`2 −m2Q + i0][(`− p)2 −m2Q + i0]
×
[
1− (1− rq) ` · p
p · q
]
µ p q η , (11)
with rq = mq/mQ. Implementing the loop momentum integration subsequently yields
Π1(a)µ (p, q) = −
(
Nc
4pi2
)
eQ gem mQ µ p q η
∫ 1
0
dy
∫ 1
0
dt
y¯ + y rq
m2Q − y t¯ (p+ q2)− y t q2
, (12)
where we have introduced the notations y¯ = 1− y, t¯ = 1− t for brevity.
6
Along the same vein we can write down the perturbative contribution to the correlation
function (5) due to the real photon radiation off the light quark
Π1(b)µ (p, q) = −Nc eq gem
∫
dD`
(2 pi)D
1
[(`− p− q)2 −m2Q + i0][`2 + i0][(`− p)2 + i0]
Tr [γµ⊥ (6`− 6p− 6q +mQ) γ5 (6`− 6p+mq) 6η∗ ( 6`+mq)] ,
= Nc eq gem
∫
dD`
(2 pi)D
1
[(`− p− q)2 −m2Q + i0][`2 + i0][(`− p)2 + i0]
{mQ Tr [γµ⊥ γ5 6p 6η∗ 6`]−mq Tr [γµ⊥ γ5 6p 6η∗ (6`− 6q)]} , (13)
where we have explicitly separated the heavy-quark mass term from the light-quark mass
correction to facilitate the power counting analysis for the diagram presented in figure 1(b).
We are now in a position to determine all regions of the loop momentum yielding the leading
power contributions to the two Feynman integrals in (13)
I2,A =
∫
dD`
(2 pi)D
n¯ · `
[(`− p− q)2 −m2Q + i0][`2 + i0][(`− p)2 + i0]
, (14)
I2,B =
∫
dD`
(2 pi)D
n¯ · (`− q)
[(`− p− q)2 −m2Q + i0][`2 + i0][(`− p)2 + i0]
. (15)
Applying the default power counting scheme (8) it is straightforward to verify that I2,A receives
the non-vanishing contribution only from the hard loop-momentum region and it therefore
requires no ultraviolet and infrared subtractions in analogy to the scalar loop integral I1.
As a consequence, perturbative QCD factorization for the corresponding contribution to the
correlation function (5) can indeed be established at leading power in ΛQCD/mQ. By contrast,
the remaining Feynman integral I2,B due to the light quark mass correction can be contributed
from both the hard and collinear loop-momentum regions, where the typical scaling for a
collinear momentum vector `µ reads
`µ = (n · `, n¯ · `, `⊥µ) ∼ (1, λ2, λ)mQ, λ = ΛQCD/mQ . (16)
The emergence of the leading contribution to I2,B from the collinear momentum region implies
that the nonperturbative photon distribution amplitudes must be introduced in the factor-
ization formula to subtract the long-distance strong interaction effect from the perturbative
QCD calculation of the correlation function (5). Since the SU(3)-flavour symmetry breaking
effect for the obtained light-cone matrix element 〈γ(p, η∗)|q¯(z) γµ⊥ γ5 q(0)|0〉 from the infrared
subtraction program (see [47, 48] for discussions in the context of the vector meson distribution
amplitudes) has not been investigated systematically at present, we will not take into account
the light quark mass correction to the perturbative contribution shown in figure 1(b) further,
which is apparently suppressed by one power of ΛQCD/mQ in the heavy quark expansion.
Performing the loop momentum integration for the QCD amplitude Π
1(b)
µ explicitly gives rise
to
Π1(b)µ (p, q) ⊃ −
(
Nc
4pi2
)
eq gem mQ µ p q η
∫ 1
0
dy
∫ 1
0
dt
y
m2Q − y t¯ (p+ q2)− y t q2
. (17)
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Adding up the two different pieces of perturbative contributions displayed in (12) and (17)
yields the tree-level factorization formula for the “point-like” photon contribution
Π(per)µ (p, q) ⊃ −
(
Nc
4pi2
)
gem mQ µ p q η
∫ 1
0
dy
∫ 1
0
dt
eQ (y¯ + y rq) + eq y
m2Q − y t¯ (p+ q2)− y t q2
, (18)
which can be expressed in terms of the following dispersion integral
Π(per)µ (p, q) ⊃ −
(
Nc
4pi2
)
gem mQ µ p q η
∫
ds1
∫
ds2
ρ(per)(s1, s2)
[s1 − (p+ q)2 − i0][s2 − q2 − i0] , (19)
with the QCD spectral density at LO given by
ρ(per)(s1, s2) = −δ(s1 − s2)
{
eQ
[
(1− rq)
(
1− m
2
Q
s2
)
+ ln
(
m2Q
s2
)]
− eq
(
1− m
2
Q
s2
)}
× θ(s2 −m2Q) +O(αs) . (20)
Taking advantage of the standard definitions for the heavy meson decay constants
〈0|Q¯ γ5 q|M(q)〉 = −i fP m
2
P
mQ +mq
, 〈M∗(p+ q)|q¯ γµ⊥Q|0〉 = −i fV mV ε∗µ⊥ (21)
and for the coupling gM∗Mγ as introduced in (3), we can readily derive the hadronic dispersion
relation for the vacuum-to-photon correlation function (5)
Πµ(p, q) = −µ p q η
{
gem fP fV mV gM∗Mγ
[m2V − (p+ q)2 − i0][m2P − q2 − i0]
m2P
mQ +mq
+
∫
ds1
∫
ds2
ρ(had)(s1, s2)
[s1 − (p+ q)2 − i0][s2 − q2 − i0]
}
. (22)
Matching the perturbative QCD factorization formula (19) of the “point-like” photon contri-
bution with the corresponding hadronic representation (22) and performing the double Borel
transformation with respect to the variables (p+ q)2 →M21 and q2 →M22 , we derive the sum
rules for the coupling constant gM∗Mγ of our interest including the light quark mass correction
fP fV µP mV g
(per)
M∗Mγ exp
[
−
(
m2V
M21
+
m2P
M22
)]
=
(
Nc
4 pi2
)
mQ
∫∫
Σ
ds1 ds2 exp
[
−
(
s1
M21
+
s2
M22
)]
ρ(per)(s1, s2) , (23)
where µP = m
2
P/(mQ +mq) and the appearance of the integration boundary Σ in the (s1, s2)
plane arises from subtracting the continuum contributions with the parton-hadron duality
ansatz. Since the Borel parameters M21 and M
2
2 are expected to be of similar size numerically,
we will simplify the generic expression of the LCSR (23) by making the approximation M21 =
8
M22 ≡ M2 in what follows. Employing the triangle duality region s1 + s2 ≤ 2 s0 as suggested
in [43, 44] and introducing further the Jacobi transformation
s1 + s2 = 2 s , v =
s2
s1 + s2
, (24)
we obtain the tree-level LCSR for the “point-like” photon contribution
fP fV µP mV g
(per)
M∗Mγ = −
(
Nc
4pi2
)
mQ
∫ s0
m2Q
ds exp
[
−2 s−m
2
V −m2P
M2
]
×
{
eQ
[
(1− rq)
(
1− m
2
Q
s
)
+ ln
m2Q
s
]
− eq
(
1− m
2
Q
s
)}
, (25)
which can be reduced further by integrating over the variable s analytically
fP fV µP mV g
(per)
M∗Mγ =
(
Nc
8 pi2
)
m3Q exp
[
m2V +m
2
P
M2
]
×
{[
Ei
(
−2 s0
M2
)
− Ei
(
−2m
2
Q
M2
)][
eQ
(
2(1− rq) + M
2
m2Q
)
− 2 eq
]
+
M2
m2Q
[
exp
(
−2 s0
M2
)
− exp
(
−2m
2
Q
M2
)]
[eQ (1− rq)− eq]
−M
2
m2Q
exp
(
−2 s0
M2
) [
eQ ln
s0
m2Q
]}
, (26)
with the exponential integral Ei(x) defined as
Ei(x) = −
∫ ∞
−x
dt
e−t
t
, (x 6= 0) . (27)
Several remarks on the obtained sum rules (26) for the perturbative contribution to the cou-
pling gM∗Mγ with the light quark mass correction are in order.
• It would be straightforward to explore the heavy-quark mass dependence of all separate
terms entering the obtained sum rules (26) based upon the power counting scheme
[49, 50]
mV ∼ mP ∼ mQ + ΛQCD , s0 ∼ (mQ + ω0)2 , fP ∼ fV ∼ Λ3/2QCD/m1/2Q , (28)
where the mQ-independent parameter ω0 is of order 1 GeV. Expanding (26) in terms of
the electrical charges of the heavy and light quarks
g
(per)
M∗Mγ = eQ g
(per, I)
M∗Mγ + eQ rq g
(per, II)
M∗Mγ + eq g
(per, III)
M∗Mγ , (29)
we can immediately establish the asymptotic scaling laws
g
(per, I)
M∗Mγ ∼
1
mQ
(
ω0
ΛQCD
)3
, g
(per, II)
M∗Mγ ∼ g(per, III)M∗Mγ ∼
1
ΛQCD
(
ω0
ΛQCD
)2
, (30)
in agreement with the HHχPT predictions [24–26].
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γµ⊥ γ5
qp + q
u p u¯ p
Figure 2: Diagrammatic representation of the four-point QCD matrix element Fµ(p, q, u)
defined by (31) at tree level.
• The substantial cancellation of two different pieces from the photon radiation off the
charm and light quarks can be naturally expected for the magnetic couplings D∗+(s) D
+
(s) γ.
Consequently, it remains interesting to investigate whether the higher-order QCD cor-
rections to the “point-like” photon contributions (see [51] for discussions in the context
of J/ψ → ηc γ) could alleviate such numerical cancellation.
3 The twist-two LCSR for the resolved photon effect
We will proceed to compute the twist-two hadronic photon corrections to the radiative heavy
meson decay form factors at NLL by employing the LCSR approach. To this end, we need
to establish the corresponding hard-collinear factorization formula for the vacuum-to-photon
correlation function (5) at O(αs) with the evanescent operator approach and then implement
the RG resummation for enhanced logarithms of the hard-to-collinear scale ratio with the
two-loop evolution equation of the twist-two photon LCDA.
3.1 Hard-collinear factorization at LO in QCD
Following the standard strategy, the perturbative QCD factorization formula for the correla-
tion function (5) can be established by inspecting the partonic matrix element
Fµ(p, q, u) =
∫
d4x e−i(p+q)·x 〈q(u p) q¯(u¯ p)|T{q¯(x)γµ⊥Q(x), Q¯(0)γ5q(0)} |0〉 , (31)
where the dimensionless parameter u ∈ [0, 1] corresponds to the momentum fraction carried
by the collinear quark and u¯ ≡ 1−u. Evaluating the leading-order Feynman diagram depicted
in figure 2 gives rise to the tree-level QCD amplitude
F (0)µ (p, q, u) = −
i
2
n¯ · q
u¯(p+ q)2 + uq2 −m2Q + i0
q¯(u p) γµ⊥ 6n γ5 q(u¯ p)
= − i
2
n¯ · q
u¯′(p+ q)2 + u′q2 −m2Q + i0
∗ 〈O1, µ(u, u′)〉(0) , (32)
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where the asterisk represents the convolution integral over the variable u′ and the quark matrix
element 〈O1, µ(u, u′)〉 of the two-body light-ray operator is given by
〈O1, µ(u, u′)〉 = 〈q(u p) q¯(u¯ p)|Oˆ1, µ(u′)|0〉 = ξ¯(u p) γµ⊥ 6n γ5 ξ(u¯ p) δ(u− u′) +O(αs) . (33)
The collinear operator with a given Dirac structure Γj in momentum space is defined as [52]
Oˆj, µ(u
′) =
n · p
2pi
∫
dτe−iu
′ n·p τ (ξ¯ Wc)(τ n) Γj (W †c ξ)(0), Γ1 = γµ⊥ 6n γ5 , (34)
where the collinear gauge invariance is satisfied by introducing the light-like Wilson line
Wc(x) = P
{
exp
[
i gs
∫ 0
−∞
ds n · Ac(x+ s n)
]}
. (35)
Implementing the infrared subtraction for the renormalized matrix element Fµ(p, q, u) can
be further achieved with the aid of the collinear operator basis
Oˆ1, µ = Oˆ2, µ + OˆE, µ , Γ2 =
nν
2
µνρτ σ
ρτ , ΓE = γµ⊥ 6n γ5 − n
ν
2
µνρτ σ
ρτ , (36)
where the evanescent operator OˆE, µ vanishes in the four-dimensional space-time. Taking
advantage of the perturbative matching relation
Fµ(p, q, u) =
∑
i=2, E
Hi((p+ q)
2, q2, u′) ∗ 〈Oi, µ(u, u′)〉 , (37)
we can readily obtain the short-distance coefficient functions at tree level
H
(0)
2 = H
(0)
E = −
i
2
n¯ · q
u¯′(p+ q)2 + u′q2 −m2Q + i0
. (38)
It is then straightforward to derive the hard-collinear factorization formula for the vacuum-
to-photon correlation function (5) at leading power in ΛQCD/mQ
Πtw2µ,LO(p, q) = −gem eq χ(µ) 〈q¯q〉(µ) µ p q η∗
∫ 1
0
du
φγ(u, µ)
u¯(p+ q)2 + uq2 −m2Q + i0
, (39)
by employing the definition of the twist-two photon distribution amplitude
〈γ(p, η∗)|(ξ¯ Wc)(τ n)σαβ (W †c ξ)(0)|0〉
= −i gem eq χ(µ) 〈q¯q〉(µ) (pβη∗α − pαη∗β)
∫ 1
0
du ei u n·p τ φγ(u, µ) . (40)
We proceed to write down the dispersion representation of the factorization formula (39)
Πtw2µ,LO(p, q) = −gem eq χ(µ) 〈q¯q〉(µ) µ p q η∗
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1
Figure 3: Diagrammatic representation of the four-point QCD matrix element Fµ(p, q, u)
defined by (31) at one loop.
×
∫ ∞
m2Q
ds1
∫ ∞
m2Q
ds2
ρtw20 (s1, s2)
[s1 − (p+ q)2 − i0][s2 − q2 − i0] , (41)
where the LO double spectral density [44]
ρtw20 (s1, s2) =
∑
k
(−1)k+1 ak(µ)
Γ(k + 1)
(s1 −m2Q)k δ(k)(s1 − s2) , (42)
is obtained by expanding the twist-two photon LCDA in terms of the polynomials in u
φγ(u, µ) =
∑
k
ak(µ)u
k . (43)
The resulting LCSR for the resolved photon contribution to the magnetic coupling gM∗Mγ is
given by
fP fV µP mV g
(tw2,LO)
M∗Mγ = −eq χ(µ) 〈q¯q〉(µ)φγ
(
1
2
, µ
) ∫ s0
m2Q
ds exp
[
m2V +m
2
P − 2 s
M2
]
. (44)
Applying the default power counting scheme displayed in (28) we find
g
(tw2,LO)
M∗Mγ ∼
1
ΛQCD
(
ω0
ΛQCD
)
, (45)
which is suppressed by a factor of ΛQCD/ω0 compared with the “point-like” photon effect.
3.2 Hard-collinear factorization at NLO in QCD
We are now in a position to demonstrate the hard-collinear factorization formula for the
vacuum-to-photon correlation function (5) at NLO in QCD. The determination of the cor-
responding perturbative matching coefficient can be achieved by evaluating the one-loop di-
agrams displayed in figure 3 with the aid of (37). Evaluating the QCD correction to the
12
vector-meson vertex diagram shown in figure 3 (a) leads to
F 1, (a)µ =
g2s CF
u¯(p+ q)2 + uq2 −m2Q
∫
dD`
(2 pi)D
1
[(`+ u p)2 + i0][(`− u¯ p− q)2 −m2Q + i0][`2 + i0]
q¯(u p) γν (u 6p+ 6`) γµ⊥ (6`− u¯ 6p− 6q +mQ) γν (−u¯ 6p− 6q +mQ) γ5 q(u¯ p) . (46)
Applying the power counting scheme for the external momenta presented in (8), we can identify
the leading power contributions of the scalar Feynman integral
Ia =
∫
dD`
(2 pi)D
1
[(`+ u p)2 + i0][(`− u¯ p− q)2 −m2Q + i0][`2 + i0]
(47)
from the hard and collinear regions. Employing the strategy of regions constructed in [41, 42],
the collinear region integral at leading power in the heavy quark expansion can be reduced as
I(c)a = −
∫
dD`
(2 pi)D
1
[n · (`+ u p) n¯ · `+ `2⊥ + i0][n · (`− u¯ p− q) n¯ · q +m2Q − i0][`2 + i0]
, (48)
which results in a vanishing contribution with the dimensional regularization scheme and will
be also cancelled out by the corresponding collinear subtraction term with an arbitrary regu-
larization scheme. Taking advantage of the expressions for the hard-region integrals collected
in Appendix A as well as the naive dimensional regularization (NDR) scheme for the Dirac
matrix γ5, the one-loop correction to the vector-meson vertex diagram can be computed as
F 1, (a)µ =
αsCF
4pi
{[
1

+ ln
µ2
m2Q
− ln [(1− r1)(1− r2)]− r1 − 2 r2 + 1
2 r1 (1− r2) +
3
2
]
×
[
2 (1− r2)
r2 − r1 ln
1− r1
1− r2 − 1
]
+
2 (1− r2)
r1 − r2 [Li2(r1)− Li2(r2)]
−
(
1− 2 r2
r1 r2
+ 1
)
ln(1− r2)− r1 − 2 r2 + 1
2 r1 (1− r2) −
5
2
}
F 0µ , (49)
where we have introduced the following dimensionless variables
r1 ≡ (u¯ p+ q)2/m2Q , r2 ≡ (p+ q)2/m2Q . (50)
Along the same vein, we can write down the one-loop amplitude for the QCD correction
to the pseudoscalar-meson vertex diagram displayed in figure 3 (b)
F 1, (b)µ =
g2s CF
u¯(p+ q)2 + uq2 −m2Q
∫
dD`
(2 pi)D
1
[(`− u¯ p)2 + i0][(`− u¯ p− q)2 −m2Q + i0][`2 + i0]
q¯(u p) γµ⊥ (−u¯ 6p− 6q +mQ) γν ( 6`− u¯ 6p− 6q +mQ) γ5 (6`− u 6p) γν q(u¯ p) . (51)
Apparently, only the hard and collinear loop-momentum regions can generate the leading
power contributions to F
1, (b)
µ with the power counting scheme (8). Implementing the Dirac
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algebra reduction with the equation of motion for the quark field and performing the loop-
momentum integration with the formulae displayed in Appendix A, we obtain
F 1, (b)µ =
αsCF
2 pi
{[
1

+ ln
µ2
m2Q
− ln [(1− r1)(1− r3)]− r3 − 2 r1 + 1
r1 (1− r3)
]
×
[
1− r3
r3 − r1 ln
1− r1
1− r3 + 1
]
+
1− r3
r1 − r3 [Li2(r1)− Li2(r3)]
+
(
r3 + 1
r1 r3
+ 1
)
ln(1− r3)− r3 − 2 r1 + 1
r1 (1− r3) + 1
}
F 0µ , (52)
where we have defined the convention r3 ≡ q2/m2Q for brevity.
The self-energy correction to the heavy-quark propagator shown in figure 3 (c) is evidently
free of the collinear divergence and can be readily computed as follows
F 1, (c)µ =
g2s CF
u¯(p+ q)2 + uq2 −m2Q
∫
dD`
(2 pi)D
1
[(`− u¯ p− q)2 −m2Q + i0][`2 + i0]
q¯(u p) γµ⊥ (−u¯ 6p− 6q +mQ) γν ( 6`− u¯ 6p− 6q +mQ) γν (−u¯ 6p− 6q +mQ) γ5 q(u¯ p) ,
= −αsCF
4 pi
{
7− r1
1− r1
[
1

+ ln
µ2
m2Q
− ln(1− r1) + 1
]
− 1
1− r1
[
1− 7 r1
r21
ln(1− r1) + 1
r1
− 3
]}
F 0µ , (53)
by employing the results of the one-loop Feynman integrals collected in Appendix A.
The one-loop QCD amplitude from the box diagram displayed in figure 3 (d) is given by
F 1, (d)µ = g
2
s CF
∫
dD`
(2pi)D
1
[(`− u¯ p)2 + i0][(`+ u p)2 + i0][(`− u¯ p− q)2 −m2Q + i0][`2 + i0]
q¯(u p) γν (6` + u 6p) γµ⊥ (6`− u¯ 6p− 6q +mQ) γ5 (6`− u¯ 6p) γν q(u¯ p) , (54)
which can be further reduced with the NDR scheme of γ5
F 1, (d)µ = i g
2
s CF
∫
dD`
(2pi)D
m2Q (1− r1)
[(`− u¯ p)2 + i0][(`+ u p)2 + i0][(`− u¯ p− q)2 −m2Q + i0][`2 + i0]
(D − 4)
{
D − 4
D − 2 `
2
⊥ +
n¯ · `
n¯ · q
[
`2 − n¯ · ` n · (u¯ p+ q)]} F 0µ . (55)
Evaluating the tensor four-point integrals with the dimensional regularization scheme implies
that the obtained amplitude F
1, (d)
µ only contributes atO() and therefore vanishes at D = 4, in
agreement with the analogous observation for the hadronic photon corrections to the radiative
leptonic B-meson decays [8].
14
Adding up different pieces together we can derive the one-loop contribution to the QCD
matrix element Fµ as follows
Fµ(p, q, u) =
∑
i=2, E
T
(1)
i ((p+ q)
2, q2, u′) ∗ 〈Oi, µ(u, u′)〉(0) , (56)
where the explicit expressions of the hard amplitudes T
(1)
i with the NDR scheme of γ5 read
T
(1)
i ((p+ q)
2, q2, u′)
=
αsCF
4 pi
{
(−2)
[ 1− r2
r1 − r2 ln
1− r1
1− r2 +
1− r3
r1 − r3 ln
1− r1
1− r3 +
3
1− r1
] (1

+ ln
µ2
m2Q
)
+2
[( 1− r2
r1 − r2 +
1− r3
r1 − r3
)
Li2(r1)− 1− r2
r1 − r2 Li2(r2)−
1− r3
r1 − r3 Li2(r3)
]
+2
[( 1− r2
r1 − r2 +
1− r3
r1 − r3
)
ln2(1− r1)− 1− r2
r1 − r2 ln
2(1− r2)− 1− r3
r1 − r3 ln
2(1− r3)
]
+
[1− r1
r1
(1− r1 − 2 r2
r1 − r2 −
2 (1− r1 + r3)
r1 − r3
)
+
1− 6 r1
r21
+ 1
]
ln(1− r1)
+
1− 9 r1
r1 (1− r1) −
(1− r2) (1− 3 r2)
r2 (r1 − r2) ln(1− r2) +
2 (1− r3)
r3 (r1 − r3) ln(1− r3)− 3
}
H
(0)
i , (57)
with the variable u in the definition of r1 replaced by u
′. Expanding all the quantities in the
operator matching relation (37) at the one-loop accuracy yields∑
i
T
(1)
i ((p+ q)
2, q2, u′) ∗ 〈Oi, µ(u, u′)〉(0) =
∑
i
[
H
(1)
i ((p+ q)
2, q2, u′, µ) ∗ 〈Oi, µ(u, u′)〉(0)
+H
(0)
i ((p+ q)
2, q2, u′) ∗ 〈Oi, µ(u, u′, µ)〉(1)
]
. (58)
The ultraviolet renormalized collinear matrix elements 〈Oi, µ〉(1) are given by
〈Oi, µ〉(1) =
[
M
(1), R
ij + Z
(1)
ij
]
〈Oi, µ〉(0) , (59)
where M
(1), R
ij and Z
(1)
ij represent the bare matrix elements computed from the infrared regu-
larization scheme R and the renormalization factors for subtracting the ultraviolet divergences
at one loop, respectively. Following the prescriptions constructed in [53], the one-loop hard
matching coefficient H
(1)
2 of the physical operator Oˆ2, µ can be determined as
H
(1)
2 = T
(1)
2 −H(0)2 ∗ Z(1)22 +H(0)E ∗M (1), offE2 , (60)
where the infrared subtraction term H
(0)
E ∗M (1), offE2 arises from the mixing of OˆE, µ into Oˆ2, µ.
Computing the one-loop matrix element of the evanescent operator explicitly leads to [8]
H
(0)
E ∗M (1), offE2 = 0 , (61)
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from which we can immediately write down the desired short-distance matching coefficient
H
(1)
2 = T
(1), reg
2 . (62)
It is apparent that T
(1), reg
2 corresponds to the regularized terms of the NLO QCD matrix
element T
(1)
2 displayed in (57).
The one-loop hard-collinear factorization formula for the vacuum-to-B-meson correlation
function at the twist-two accuracy is then given by
Πtw2µ,NLO(p, q) = −gem eq χ(µ) 〈q¯q〉(µ) µ p q η∗
∫ 1
0
du
φγ(u, µ)
u¯(p+ q)2 + uq2 −m2Q + i0[
1 +
H
(1)
2 ((p+ q)
2, q2, u, µ)
H
(0)
2 ((p+ q)
2, q2, u)
]
+O(α2s) . (63)
In order to demonstrate the factorization-scale independence of the obtained expression for
the correlation function (5), we need to distinguish the QCD renormalization scale ν for
the pseudoscalar interpolating current with the hard-collinear factorization scale µ. Such
distinction can be explicitly achieved by employing the following decomposition
H
(1)
2 ((p+ q)
2, q2, u, µ, ν) = H
(1)
2 ((p+ q)
2, q2, u, µ) + δH
(1)
2 ((p+ q)
2, q2, u, µ, ν) , (64)
where the second term on the right-hand side δH
(1)
2 satisfies the RG evolution equation
d
d lnµ
δH
(1)
2 ((p+ q)
2, q2, u, µ, ν) =
αs(µ)
4pi
γ(0)m H
(0)
2 ((p+ q)
2, q2, u) , γ(0)m = 6CF , (65)
and the consistency condition valid to all orders of αs
δH
(1)
2 ((p+ q)
2, q2, u, µ, ν = µ) = 0 . (66)
It is then straightforward to find
δH
(1)
2 ((p+ q)
2, q2, u, µ, ν) =
[
αs(µ)
4pi
γ(0)m ln
(
ν
µ
)]
H
(0)
2 ((p+ q)
2, q2, u) . (67)
According to the RG evolution equation of the twist-two photon LCDA [54]
d
d lnµ
[χ(µ) 〈q¯q〉(µ)φγ(u, µ)] =
∫ 1
0
du′ V (u, u′) [χ(µ) 〈q¯q〉(µ)φγ(u′, µ)] , (68)
and expanding the renormalization kernel in terms of the strong coupling constant
V (u, u′) =
∑
n
(
αs(µ)
4pi
)n+1
V (n)(u, u′) ,
V (n)(u, u′) = 2CF
[
1− u
1− u′
θ(u− u′)
u− u′ +
u
u′
θ(u′ − u)
u′ − u
]
+
− CF δ(u− u′) , (69)
16
we can readily verify that the perturbative QCD factorization formula (63) for the twist-two
hadronic photon contribution to the correlation function (5) is indeed independent of the
factorization scale µ at one loop as expected. More explicitly, we obtain
dΠtw2µ,NLO
d lnµ
= O(α2s) . (70)
Apparently, the parametrically large logarithms of mQ/ΛQCD entering the hard-collinear
factorization formula (63) cannot be eliminated by making use of the common value of the
factorization scale µ. The NLL resummation of such logarithms to all orders can be achieved
by solving the evolution equation for the twist-two photon LCDA at two loops. Expanding
φγ(u, µ) in a series of Gegenbauer polynomials [22]
φγ(u, µ) = 6u (1− u)
∞∑
n
bn(µ)C
3/2
n (2u− 1) , (71)
the general solution to the above-mentioned RG equation can be constructed as follows [55]
χ(µ) 〈q¯q〉(µ) bn(µ) = ENLOT,n (µ, µ0) [χ(µ0) 〈q¯q〉(µ0) bn(µ0)]
+
αs(µ)
4pi
n−2∑
k=0
ELOT,n(µ, µ0) d
k
T,n(µ, µ0) [χ(µ0) 〈q¯q〉(µ0) bk(µ0)] , (72)
where the manifest expressions of the evolution functions E
(N)LO
T,n and d
k
T,n can be found in [11],
and n, k are non-negative even integers. The obtained hard-collinear factorization formula for
the correlation function (5) with the RG improvement can be further written as
Πtw2µ,NLL(p, q) = −gem eq χ(µ) 〈q¯q〉(µ) µ p q η∗∑
n
bn(µ)
[
G(0)n ((p+ q)
2, q2) +
αs(µ)CF
4 pi
G(1)n ((p+ q)
2, q2, µ)
]
, (73)
where the perturbative kernels G
(i)
n (i = 0, 1) are defined by the convolution integrals
G(0)n ((p+ q)
2, q2) =
∫ 1
0
du
6u (1− u)C3/2n (2u− 1)
u¯(p+ q)2 + uq2 −m2Q + i0
,
G(1)n ((p+ q)
2, q2) =
∫ 1
0
du
6u (1− u)C3/2n (2u− 1)
u¯(p+ q)2 + uq2 −m2Q + i0
H
(1)
2 ((p+ q)
2, q2, u, µ)
H
(0)
2 ((p+ q)
2, q2, u)
. (74)
In analogy to the construction of the tree-level LCSR (44) for the twist-two resolved photon
contribution, we proceed to derive the spectral representation of the resummation improved
factorization formula (73)
Πtw2µ,NLL(p, q) = −gem eq χ(µ) 〈q¯q〉(µ) µ p q η∗
∫ ∞
0
ds1
∫ ∞
0
ds2
1
[s1 − (p+ q)2 − i0][s2 − q2 − i0]
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×
[
ρtw20 (s1, s2) +
αs(µ)CF
4pi
ρtw21 (s1, s2)
]
. (75)
Following the discussion presented in [43], it turns out to be sufficient to extract the NLO
spectral density ρtw21 (s1, s2) with the asymptotic photon distribution amplitude φ
asy
γ (u, µ) =
6u (1−u) by discarding the subdominant effects due to the non-vanishing higher Gegenbauer
moments. Taking advantage of the spectral representations of various complex functions
displayed in Appendix B, it is then straightforward to derive the analytical expression of the
double spectral density
m2Q ρ
tw2
1 (s1, s2) =
{
[
[
%I(r, σ) + %II(r, σ) ln r + %III(r, σ) (ln
2 r − pi2)] δ(2)(r − 1)
+ [%II(r, σ) + 2 %III(r, σ) ln r]
d3
dr3
ln |1− r|} θ(s1 −m2Q) θ(s2 −m2Q) , (76)
where we have introduced the invariant functions
%I(r, σ) =
(r + 1)
σ3
{
6 r σ2
[
2 ln
(
µ2
m2Q
)
+
3
2
ln
(
ν2
µ2
)
+ 3 Li2
(
− σ
r + 1
)
+ Li2
(
− r σ
r + 1
)]
+ 6 r σ2 ln
(
σ
r + 1
) [
ln
(
σ + r + 1
r + 1
)
+ ln
(
rσ + r + 1
r + 1
)]
+ 3 (r + 1)
[
2 r (σ + 1) + 5σ + 2
]
ln
(
σ + r + 1
r + 1
)
− 3 r σ
2
(r + σ + 1)(rσ + r + 1)
[
9 r σ2 + (7 r + 10) (r + 1)σ + 8 (r + 1)2
]
ln
(
σ
r + 1
)
+
σ
r + σ + 1
[(
(3 + 2 pi2) r + 6
)
σ2 +
(
(9 + 2 pi2) r − 6) (r + 1)σ − 6 (r + 1)2]}
+ 6m4Q
[
4 + 3 ln
(
µ2
m2Q
)]
d
dm2Q
[
1
m2Q
r (r + 1)
σ
]
, (77)
%II(r, σ) = 3 r(r + 1)
[
r
r σ + r + 1
+
2
r + σ + 1
− 2
σ
ln
(
σ + r + 1
r σ + r + 1
)]
, (78)
%III(r, σ) = −6 r (r + 1)
σ
, (79)
with two new dimensionless variables defined by
r =
s1 −m2Q
s2 −m2Q
, σ =
s1
m2Q
+
s2
m2Q
− 2 . (80)
The obtained NLL LCSR for the twist-two hadronic photon correction to the radiative heavy
meson decay form factor can be written as
fP fV µP mV g
(tw2,NLL)
M∗Mγ exp
[
−
(
m2V +m
2
P
M2
)]
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= eq χ(µ) 〈q¯q〉(µ)
∫∫
Σ
ds1 ds2 exp
[
−
(
s1 + s2
M2
)] [
ρtw20 (s1, s2) +
αs(µ)CF
4pi
ρtw21 (s1, s2)
]
. (81)
Since the NLL spectral density ρtw21 (s1, s2) is not concentrated at s1 = s2, the result of the
dispersion integral entering (81) now depends on the precise shape of the duality region Σ
in the (s1, s2) plane, in contrast to the tree-level LCSR displayed in (44). Employing the
duality boundary s1 +s2 ≤ 2 s0 implemented in [43] and performing the Jacobi transformation
introduced in (80), we can readily derive
fP fV µP (ν)mV g
(tw2,NLL)
M∗Mγ exp
[
−
(
m2V +m
2
P
M2
)]
= eq χ(µ) 〈q¯q〉(µ)
{
− M
2
2
[
exp
(
−2m
2
Q
M2
)
− exp
(
−2 s0
M2
)]
φγ
(
1
2
, µ
)
+
αs(µ)CF
4pi
[ ∫ 2 s0
2m2Q
ds exp
(
− s
M2
)
F (tw2)
(
s
m2b
− 2
)
+ 3m2Q
(
4 + 3 ln
µ2
m2Q
)
exp
(
−2m
2
Q
M2
)]}
, (82)
where the explicit expression of F (tw2)(σ) is given by
F (tw2)(σ) = −3
{
ln
(
µ2
m2Q
)
+
3
4
ln
(
ν2
µ2
)
− Li2 (−σ)− Li2 (−σ − 1) + 2 Li2
(
−σ
2
)
+
pi2
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+ ln
(σ
2
)
ln
(
σ + 2
2
)
− ln (σ + 1) ln (σ + 2) + 2 (σ + 1)
2
(σ + 2)3
ln (σ + 1)
− 7σ
3 + 50σ2 + 100σ + 64
4 (σ + 2)3
ln
(σ
2
)
− 1
2
ln
(
σ + 2
2
)
− 11σ
2 + 28σ + 24
8 (σ + 2)2
}
. (83)
This together with the one-loop expression of the double spectral function ρtw21 (s1, s2) consti-
tutes one of the major technical results of this paper. We further verify that the obtained
LCSR (82) for the twist-two resolved photon correction to the magnetic coupling gM∗Mγ is
independent of the factorization scale µ and the renormalization scale ν of the local QCD
current J5 = Q¯ γ5 q with the asymptotic photon LCDA at one loop.
4 The higher twist LCSR for the resolved photon effects
The objective of this section is to compute the higher twist corrections to the magnetic cou-
pling from the two-particle and three-particle photon distribution amplitudes at tree level, up
to the twist-four accuracy. In analogy to the derivation of the twist-two LCSR for the hadronic
photon correction detailed in Section 3, we will need to demonstrate the hard-collinear fac-
torization formulae of the vacuum-to-photon correlation function (5) for the subleading twist
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contributions by employing the OPE technique and the background field formalism with the
default power counting scheme (8).
4.1 Two-particle higher twist corrections
The two-particle higher twist corrections to the correlation function (5) can be obtained by
keeping the subleading power terms in the light-cone expansion of the heavy-quark propagator
Πµ(p, q) ⊃
∫
d4x
∫
d4k
(2pi)4
e−i(p+q+k)·x
k2 −m2Q
〈γ(p, η∗)|q¯(x) (σµν kν + imQ γµ⊥) γ5 q(0)|0〉 . (84)
According to the definitions of the twist-three and twist-four photon LCDA presented in
Appendix C, the corresponding hard-collinear factorization formula can be written as
Πµ(p, q) ⊃ eq gem
4
µpqη∗
∫ 1
0
du
{
K2PHT2 ((p+ q)
2, q2, u)
[u¯ (p+ q)2 + u q2 −m2Q]2
+
K2PHT3 ((p+ q)
2, q2, u)
[u¯ (p+ q)2 + u q2 −m2Q]3
}
, (85)
where the two coefficient functions K2PHT2 (3) are given by
K2PHT2 ((p+ q)
2, q2, u) = 2mQ f3γ(µ)ψ
(a)(u, µ)− 〈q¯q〉(µ)A(u, µ) ,
K2PHT3 ((p+ q)
2, q2, u) = 2m2Q 〈q¯q〉(µ)A(u, µ) . (86)
The dispersion representation of the tree-level factorization formula (85) can be further derived
with the general expression for the double spectral densities of the invariant amplitudes
1
pi2
Ims1 Ims2
∫ 1
0
du
ϕ(u, µ)
[u¯ s1 + u s2 −m2Q + i 0]n
=
1
Γ(n)
dn−1
(dm2Q)
n−1
∑
k
(−1)k+1 ck(µ)
Γ(k + 1)
(s1 −m2Q)k δ(k)(s1 − s2) , (87)
where we have employed the Taylor expansion of ϕ(u, µ) at u = 0
ϕ(u, µ) =
∑
k
ck(µ)u
k . (88)
Confronting the obtained spectral representation of (85) with the double hadronic dispersion
relation (22), implementing the continuum subtraction with the parton-hadron duality ap-
proximation and performing the double Borel transformation (p + q)2 → M2, q2 → M2, we
derive the LCSR for the two-particle higher twist corrections to the magnetic coupling gM∗Mγ
fP fV µP mV g
(2PHT)
M∗Mγ exp
[
−
(
m2V +m
2
P
M2
)]
=
eq
2
[
mQ f3γ(µ)ψ
(a)
(
1
2
, µ
)
+
(
m2Q
M2
+
1
2
)
〈q¯q〉(µ) A
(
1
2
, µ
)]
exp
(
−2m
2
Q
M2
)
. (89)
As can be understood from (87), the obtained subleading twist sum rules (89) at tree level are
also independent of the specific shape of the duality boundary due to the vanishing spectral
function at s1 6= s2. Several remarks on the newly derived LCSR (89) are in order.
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• Based upon the canonical behaviour of the two-particle photon LCDA ψ(a) and A as
well as the power counting scheme for the sum rule parameters displayed in (28), we can
derive the scaling law of each individual term appearing in (89)
g
(2PHT)
M∗Mγ
∣∣
ψ(a)
∼ O
(
1
ΛQCD
)
, g
(2PHT)
M∗Mγ
∣∣
A ∼ O
(
1
ω0
)
. (90)
In comparison with the scaling behaviour of the twist-two hadronic photon contribution
displayed in (45), the two-particle twist-three and twist-four corrections to the magnetic
coupling M∗Mγ are suppressed by one and two power(s) of ΛQCD/ω0, respectively.
• Applying the vector meson dominance (VMD) model, the nonperturbative parameter
f3γ characterizing the twist-three contribution can be expressed in terms of the relevant
ρ-meson couplings [22]
fVMD3γ ' −f 2ρ ζ3, ρ , ζ3, ρ(1 GeV) = 0.10± 0.05 . (91)
The appearance of the strong suppression factor ζ3, ρ in (91) implies that the two-particle
higher twist contributions to the coupling gM∗Mγ will be numerically dominated by the
twist-four term entering (89).
4.2 Three-particle higher twist corrections
We turn to compute the subleading power corrections to the heavy meson magnetic coupling
from the three-particle higher twist photon distribution amplitudes by employing the LCSR
technique. To achieve this goal, we derive the corresponding higher twist factorization formula
of the vacuum-to-photon correlation function (5) with the aid of the light-cone expansion for
the quark propagator in the background gluon/photon field [44, 56]
〈0|T {q¯(x), q(0)}|0〉 ⊃ i gs
∫ ∞
0
d4k
(2pi)4
e−i k·x
∫ 1
0
du
[
uxµ γν
k2 −m2q
− ( 6k +mq)σµν
2 (k2 −m2q)2
]
Gµν(ux)
+ i eq gem
∫ ∞
0
d4k
(2pi)4
e−i k·x
∫ 1
0
du
[
uxµ γν
k2 −m2q
− ( 6k +mq)σµν
2 (k2 −m2q)2
]
F µν(ux) . (92)
Computing the tree-level diagrams displayed in figure 4 and making use of the definitions for
the three-particle photon LCDA collected in Appendix C, we find
Πµ(p, q) ⊃ gem 〈q¯q〉(µ) µpqη∗
∫ 1
0
du
∫
[Dαi]
eqK
3PHT
2, G (αi, u) + eQK
3PHT
2, γ (αi, u)[
α¯u (p+ q)2 + αu q2 −m2Q + i 0
]2 , (93)
where we have introduced the following short-handed notations
αu = αq + uαg, α¯u = 1− αu , (94)
and the integration measure is given by∫
[Dαi] =
∫ 1
0
dαq
∫ 1
0
dαq¯
∫ 1
0
dαg δ (1− αq − αq¯ − αg) . (95)
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(a) (b) (c)
1
Figure 4: Diagrammatic representation of the three-particle higher twist corrections to the
vacuum-to-photon correlation function (5) at tree level.
The two invariant functions K3PHT2, G(γ) can be expressed in terms of the three-particle twist-four
distribution amplitudes
K3PHT2, G = S(αi, µ) + T1(αi, µ)− T2(αi, µ) + (2u− 1)
[
S˜(αi, µ)− T3(αi, µ) + T4(αi, µ)
]
,
K3PHT2, γ = Sγ(αi, µ) + (2u− 1)T γ4 (αi, µ) . (96)
The spectral representation of the hard-collinear factorization formula (93) can be con-
structed with the master formula for computing the double spectral density
1
pi2
Ims1 Ims2
∫ 1
0
du
∫
[Dαi] u
m Φ(αi, µ)[
α¯u s1 + αu s2 −m2Q + i 0
]n
=
1
Γ(n)
dn−1
(dm2Q)
n−1
∑
k
(−1)k+1 hm,k(µ)
Γ(k + 1)
(s1 −m2Q)k δ(k)(s1 − s2) , (97)
where the renormalization-scale dependent coefficient hm,k(µ) arises from the series expansion
of the “effective” photon distribution amplitude Φ̂(αu,m, µ) defined by
Φ̂(αu,m, µ) =
∫ αu
0
dαq
∫ 1−αq
αu−αq
dαg
(αu − αq)m
αm+1g
Φ(αq, 1− αq − αg, αg, µ) . (98)
More explicitly,
Φ̂(αu,m, µ) =
∑
k
hm,k(µ)α
k
u . (99)
We can then readily derive the tree-level LCSR for the three-particle higher twist corrections
to the magnetic coupling M∗Mγ of our interest
fP fV µP mV g
(3PHT)
M∗Mγ exp
[
−
(
m2V +m
2
P
M2
)]
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= −〈q¯q〉(µ)
{
eq
[
Ŝ
(
1
2
, 0, µ
)
+ T̂1
(
1
2
, 0, µ
)
− T̂2
(
1
2
, 0, µ
)
− ̂˜S (1
2
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)
+ T̂3
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1
2
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)
− T̂4
(
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2
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)
+ 2 ̂˜S (1
2
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)
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1
2
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)
+ 2 T̂4
(
1
2
, 1, µ
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+ eQ
[
Ŝγ
(
1
2
, 0, µ
)
− T̂ γ4
(
1
2
, 0, µ
)
+ 2 T̂ γ4
(
1
2
, 1, µ
)]}
exp
(
−2m
2
Q
M2
)
. (100)
Employing the power counting scheme (28) we can establish the scaling laws for the separate
three-particle twist-four contributions from the quark-anti-quark-gluon and quark-anti-quark-
photon distribution amplitudes
g
(3PHT)
M∗Mγ
∣∣
q¯ q G
∼ g(3PHT)M∗Mγ
∣∣
q¯ q γ
∼ O
(
1
mQ
)
, (101)
which suffer from the double suppression factor of Λ2QCD/(mQ ω0) compared with the twist-
two resolved photon contribution shown in (45). Consequently, the three-particle higher twist
corrections to the radiative bottom-meson decay form factors are expected to be of minor
importance numerically.
Putting all the different pieces together, the final expression for the heavy meson magnetic
coupling computed from the LCSR method with the collinear photon distribution amplitudes
can be written as
gM∗Mγ = g
(per)
M∗Mγ + g
(tw2,NLL)
M∗Mγ + g
(2PHT)
M∗Mγ + g
(3PHT)
M∗Mγ , (102)
where the analytical expressions of the individual terms appearing in the right-hand side
of (102) are already displayed in (26), (82), (89) and (100), respectively. We make several
comments on the higher-order corrections to the M∗Mγ couplings accomplished in this work.
• It is apparent that constructing the desired LCSR for the heavy meson magnetic coupling
from the vacuum-to-photon correlation function (5) is achieved with the parton-hadron
duality approximation for both the vector and pseudoscalar heavy-meson channels. The
resulting LCSR predictions for the M∗Mγ couplings are therefore less accurate than the
ones for the semileptonic heavy-to-light transition form factors (see, for instance [57, 58]
and references therein).
• In order to verify whether the higher-order radiative corrections can alleviate the double
suppression mechanism for the three-particle twist-four contributions at tree level, it
would be interesting to derive the NLO LCSR for the subleading twist hadronic photon
contributions to the magnetic couplings for future development.
5 Numerical analysis
Having at our disposal the improved LCSR for the heavy meson magnetic coupling, we are
now ready to explore the phenomenological implications of the newly obtained power correc-
tions from the two-particle and three-particle photon distribution amplitudes at twist-four.
23
Parameter Value Ref. Parameter Value Ref.
mu(2 GeV) 2.32± 0.10 MeV [59] mc(mc) 1.288± 0.020 GeV [60]
md(2 GeV) 4.71± 0.09 MeV [59] mb(mb) 4.193+0.022−0.035 GeV [61]
ms(2 GeV) 92.9± 0.7 MeV [59]
mD± 1869.65± 0.05 MeV [59] mB± 5279.33± 0.13 MeV [59]
mD0 1864.83± 0.05 MeV [59] mB0 5279.64± 0.13 MeV [59]
mDs 1968.34± 0.07 MeV [59] mBs 5366.88± 0.17 MeV [59]
mD∗± 2010.26± 0.05 MeV [59] mB∗± 5324.70± 0.22 MeV [59]
mD∗0 2006.85± 0.05 MeV [59] mB∗0 5324.86± 0.22 MeV [59]
mD∗s 2112.2± 0.4 MeV [59] mB∗s 5415.4+1.8−1.5 MeV [59]
fD|Nf=2+1+1 212.0± 0.7 MeV [62] fB|Nf=2+1+1 190.0± 1.3 MeV [62]
fDs |Nf=2+1+1 249.9± 0.5 MeV [62] fBs|Nf=2+1+1 230.3± 1.3 MeV [62]
fD∗|Nf=2+1+1 223.5± 8.4 MeV [63] fB∗|Nf=2+1+1 185.9± 7.2 MeV [63]
fD∗s |Nf=2+1+1 268.8± 6.6 MeV [63] fB∗s |Nf=2+1+1 223.1± 5.4 MeV [63]
〈q¯q〉 (1 GeV) − (266± 21 MeV)3 [62] κ (1 GeV) 0.2± 0.2 [2, 22]
χ (1 GeV) (3.15± 0.3) GeV−2 [22] κ+ (1 GeV) 0 [2, 22]
b2 (1 GeV) 0.07± 0.07 [22] ζ1 (1 GeV) 0.4± 0.4 [2, 22]
f3γ (1 GeV) −(4± 2)× 10−3 GeV2 [2, 22] ζ+1 (1 GeV) 0 [2, 22]
ωVγ (1 GeV) 3.8± 1.8 [2, 22] ζ+2 (1 GeV) 0 [2, 22]
ωAγ (1 GeV) −2.1± 1.0 [22]
{s0, M2} {6.0± 0.5, 4.5± 1.0}GeV2 D∗Dγ {s0, M2} {34.0± 1.0, 18.0± 3.0}GeV2 B∗Bγ
{s0, M2} {7.0± 0.5, 4.5± 1.0}GeV2 D∗sDsγ {s0, M2} {36.0± 1.0, 18.0± 3.0}GeV2 B∗sBsγ
Table 1: Numerical input values of the theory parameters employed in the improved LCSR
predictions for the M∗M γ couplings with the subleading twist corrections.
We further perform an exploratory comparison of our results for the M∗M γ couplings with
other estimates based upon different QCD techniques and with the available experimental
measurements from the CLEO, BESIII, and BaBar Collaborations.
5.1 Theory inputs
To perform the numerical study of the derived LCSR (102) for the radiative heavy meson decay
form factors, we start discussing the numerical input values of both the QCD and hadronic
parameters as collected in Table 1. We employ the renormalized light-quark masses in the
MS scheme at µ = 2 GeV determined from the lattice QCD calculations with NL = 4 (NL is
the number of active quark flavors at the renormalization scale µ) [59], which are also in good
agreement with the N4LO QCDSR predictions [64] based upon the five-loop computation of
the two-point correlation function of the scalar strangeness-changing quark currents (see [65]
for an independent determination of the strange-quark mass from the pseudoscalar sum rules).
In addition, the MS charm-quark mass determined from the N3LO relativistic QCDSR with
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the vector-current correlation function [60] and the MS bottom-quark mass from the non-
relativistic sum rules with high moments of 6 ≤ n ≤ 15 at N3LO [61] will be implemented in
the numerical analysis. We further adopt the lattice QCD calculations of the decay constants
for the pseudoscalar heavy mesons with Nf = 2 + 1 + 1 dynamical flavours summarized in the
Flavour Lattice Averaging Group (FLAG) review [62], which are compatible with the three-
loop QCDSR predictions [66] with higher theoretical uncertainties. The QCD decay constants
of the vector heavy-light mesons are taken from the lattice determinations with the gauge
configurations produced by European Twisted Mass Collaboration (ETMC) at Nf = 2 + 1 + 1
[63]. It is interesting to notice that the predicted heavy-quark spin/flavour symmetry breaking
effects for the decay constant ratios fD∗
(s)
/fD(s) > 1 in the charm sector differ from the ones
fB∗
(s)
/fB(s) < 1 in the bottom sector.
The fundamental nonperturbative functions entering the sum rules (102) for the heavy
meson magnetic couplings are the two-particle and three-particle collinear photon distribution
amplitudes at twist-four. The explicit expressions of these hadronic quantities at NLO in the
conformal expansion can be found in [22] (see also [8] for a summary). Among the eleven non-
perturbative parameters in total, 〈q¯q〉, χ, f3γ, κ, κ+ are defined by the QCD matrix elements
of local operators without the covariant derivative acting on the quark/gluon fields. We use
the averaged Nf = 2+1+1 determinations of the low-energy constant 〈q¯q〉 at the renormaliza-
tion scale 2 GeV from the lattice QCD calculations [62], which are consistent with the interval
determined from the chiral perturbation theory (ChPT) relations [57, 67]. An updated predic-
tion of the magnetic susceptibility of the quark condensate from the QCDSR method including
the radiative correction to the corresponding partonic spectral density presented in [22] will be
adopted in what follows. We further take the values of the normalization constant f3γ, param-
eterizing the three-body local vacuum-to-photon matrix element 〈γ(p, η∗)|q¯ gs G˜αβ γρ γ5 q|0〉,
estimated from the VMD approximation, which are also confirmed by the QCDSR calculation
independently [22]. In addition, κ, κ+ and the six remaining nonperturbative parameters (i.e.,
b2, ω
V
γ , ω
A
γ , ζ1, ζ
+
1 , ζ
+
2 ) entering the “P”-wave terms in the conformal expansion of the photon
LCDA are taken from the numerical evaluations obtained in [2]. As discussed in detail in [22],
the parameter ζ2 entering the three-particle twist-four photon distribution amplitudes can
be expressed in terms of ζ1 and ζ
+
2 , thanks to the Ferrara-Grillo-Parisi-Gatto theorem [68].
The renormalization scale dependence of the twist-three and twist-four parameters at the
leading-logarithmic (LL) approximation can be derived by solving the corresponding one-loop
evolution equations [22, 69].
The determinations of the Borel parameter M2 and the effective threshold s0 can be
achieved by applying the standard criteria imposed in the LCSR calculations: the smallness
of subleading twist contributions in the OPE, and simultaneously, the suppression of higher
state contributions (see [34] for a modern review). The obtained intervals of theses “internal”
sum rule parameters presented in Table 1 are in agreement with the previous choices adopted
in the LCSR analysis of heavy-to-light decay form factors [57, 70]. Furthermore, we will vary
the factorization scale µ appearing in the NLL LCSR of the twist-two hadronic photon con-
tribution (82) in the range [1.0, 2.0] GeV around the default value m¯c(m¯c) for the magnetic
couplings D∗qDqγ and in [mb/2, 2mb] around m¯b(m¯b) for the counterpart bottom-meson cou-
plings. The renormalization scale for the QCD pseudoscalar current will be further taken as
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D∗+D+ γ D∗0D0 γ D∗+s D
+
s γ B
∗+B+ γ B∗0B0 γ B∗0s B
0
s γ
g
(per)
M∗Mγ (GeV
−1) −0.032 0.73 0.024 0.84 −0.56 −0.47
g
(tw2,LL)
M∗Mγ (GeV
−1) −0.50 0.99 −0.41 0.96 −0.48 −0.37
g
(tw2,NLL)
M∗Mγ (GeV
−1) −0.45 0.89 −0.36 0.79 −0.40 −0.31
g
(2PHT)
M∗Mγ (GeV
−1) 0.18 −0.37 0.14 −0.18 0.089 0.067
g
(3PHT)
M∗Mγ (GeV
−1) 0.14 0.23 0.11 −0.017 −0.036 −0.027
gM∗Mγ (GeV
−1) −0.15 1.48 −0.079 1.44 −0.91 −0.74
Table 2: The numerical results of all separate terms entering the obtained LCSR (102) for the
M∗Mγ couplings with the central values of theory inputs.
ν = mQ [46, 52].
5.2 Theory predictions for radiative heavy meson form factors
We are now in a position to investigate the numerical impacts of the perturbative QCD
corrections and the subleading twist corrections to the resolved photon contributions for the
heavy meson magnetic couplings. It is apparent from Table 2 that the twist-two hadronic
photon corrections to the bottom-meson couplings B∗q Bq γ are numerically comparable to the
corresponding “point-like” photon contributions and the QCD radiative corrections will reduce
the tree-level twist-two predictions by approximately an amount of 20 %. In addition, such
long-distance twist-two corrections turn out to be the most significant contributions for the
charm-meson magnetic couplings, particularly for the radiative D+∗ → D+ γ and D+∗s → D+s γ
decay form factors, where the leading power “point-like” photon contributions are numerically
suppressed due to the strong cancellation between the photon radiation off the charm and light
quarks as already mentioned in Section 2. The SU(3)-flavour symmetry breaking effect between
the two magnetic couplings B0∗B0 γ and B0∗s B
0
s γ is evaluated to be approximately O(20 %)
based upon the LCSR technique, in analogy to the ones for the semileptonic B-meson form
factors [45, 46]. Furthermore, our predictions for the two-particle and three-particle higher
twist corrections to the B∗q Bq γ couplings at tree level imply that the subleading twist terms
appearing in the bottom-meson sum rules are indeed of minor phenomenological importance,
in contrary to the observed patterns for the counterpart charm-meson couplings as displayed
in Table 2.
We proceed to present the individual uncertainties for the predicted heavy meson mag-
netic couplings due to variations of the input parameters in Table 3, where the total theory
uncertainties obtained by adding all separate uncertainties in quadrature are further shown
for completeness. Evidently, the dominant theory uncertainties of the LCSR predictions for
the bottom-meson couplings arise from the variations of the quark condensate density 〈q¯q〉 as
well as its magnetic susceptibility χ. As expected, the LCSR predictions for the charm-meson
magnetic couplings suffer from larger theory uncertainties than the ones for the corresponding
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gD∗+D+γ gD∗0D0γ gD∗+s D+s γ gB∗+B+γ gB∗0B0γ gB∗0s B0sγ
(GeV−1) (GeV−1) (GeV−1) (GeV−1) (GeV−1) (GeV−1)
central value −0.15 1.48 −0.079 1.44 −0.91 −0.74
∆fP ±0.00 ±0.02 ±0.001 ±0.03 ±0.02 ±0.01
∆fV ±0.01 ±0.05 ±0.002 ±0.05 ±0.03 ±0.02
∆mQ ±0.00 ±0.02 +0.005−0.004 +0.06−0.04 +0.02−0.04 +0.02−0.03
∆s0 ±0.00 +0.07−0.09 ±0.004 +0.05−0.06 ±0.04 +0.03−0.02
∆M2 +0.07−0.03 ±0.01 +0.050−0.019 ±0.02 +0.01−0.02 ±0.02
∆µ +0.00−0.02
+0.05
−0.00
+0.001
−0.019
+0.00
−0.04
+0.02
−0.00
+0.02
−0.00
∆〈q¯q〉 +0.04−0.05 +0.22−0.19 +0.033−0.039 +0.17−0.14 +0.08−0.09 +0.06−0.07
∆χ ±0.04 ±0.08 ±0.034 ±0.08 ±0.04 ±0.03
∆b2 ±0.05 ±0.10 ±0.042 ±0.07 ±0.04 ±0.03
∆f3γ ±0.03 ±0.06 ±0.024 ±0.03 ±0.01 ±0.03
∆ωVγ ±0.02 ±0.03 ±0.014 ±0.01 ±0.01 ±0.01
∆κ ±0.01 ±0.03 ±0.011 ±0.01 ±0.01 ±0.00
∆tot
+0.11
−0.10
+0.29
−0.27
+0.086
−0.078
+0.22
−0.20
+0.12
−0.13
+0.09
−0.10
Table 3: Summary of the individual theory uncertainties for the heavy meson magnetic cou-
plings M∗Mγ predicted from the LCSR (102). The negligibly small uncertainties due to
variations of the remaining input parameters are not displayed here explicitly, but are already
taken into account in the determinations of the total errors ∆tot.
bottom-meson couplings. It needs to be pointed out further that the substantial uncertainties
for the two couplings D∗+D+γ and D∗+s D
+
s γ can be attributed to the almost complete can-
cellation of the two different pieces entering the “point-like” photon contribution (26), which
are classified in terms of the electric-charge factors eq and eQ respectively.
Finally, we compare our predictions of the heavy meson magnetic couplings with the pre-
vious theory determinations obtained from different QCD techniques and phenomenological
models in Table 4, where the HHχPT results including both the O(m1/2q ) corrections to the
photon radiation off the light quarks and the subleading power corrections to the photon
coupling to the heavy quarks are derived from the following formula [24]
gM∗Mγ =
eQ
mQ
(
1 +
2
3
Λ¯
mQ
)
+ eq β + δµ
(`)
q . (103)
The non-perturbative HQET parameter Λ¯ characterizing the canonical size of the power cor-
rections to the heavy-quark mass limit is estimated to be Λ¯ ' 0.50 GeV from the two-point
sum rule method [73, 74]. The effective coupling β appearing in the HHχPT Lagrangian
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gD∗+D+γ gD∗0D0γ gD∗+s D+s γ gB∗+B+γ gB∗0B0γ gB∗0s B0sγ
(GeV−1) (GeV−1) (GeV−1) (GeV−1) (GeV−1) (GeV−1)
this work −0.15+0.11−0.10 1.48+0.29−0.27 −0.079+0.086−0.078 1.44+0.22−0.20 −0.91+0.12−0.13 −0.74+0.09−0.10
HHχPT [24] −0.27± 0.05 2.19± 0.11 0.041± 0.056 1.45± 0.11 −1.01± 0.05 −0.70± 0.06
HQET+VMD [35] −0.29+0.19−0.11 1.60+0.35−0.45 −0.19+0.19−0.08 0.99+0.19−0.23 −0.58+0.12−0.10 −
HQET+CQM [71] −0.38+0.05−0.06 1.91± 0.09 − 1.45+0.11−0.12 −0.82+0.06−0.05 −
Lattice QCD [32] −0.2± 0.3 2.0± 0.6 − − − −
LCSR [21] −0.50± 0.12 1.52± 0.25 − 1.68± 0.17 −0.85± 0.17 −
QCDSR [20] −0.19+0.03−0.02 0.62± 0.03 −0.20± 0.03 − − −
RQM [72] −0.44± 0.06 2.15± 0.11 −0.19± 0.03 1.66± 0.11 −0.93± 0.05 0.65± 0.03
experiment [16–18] −0.47± 0.06 1.77± 0.03 − − − −
Table 4: Comparisons of the LCSR calculations for the heavy-meson magnetic couplings with
the previous determinations and the available experimental data.
[26, 27] has been determined to be β = (3.41 ± 0.16) GeV−1 [75], consistent with the predic-
tions from the nonrelativistic quark model [24]. The explicit expressions of the SU(3)-flavour
symmetry breaking terms δµ
(`)
q generated by the pion and kaon loops are given by [24]
δµ(`)u = −
g2pimK
4 pi f 2K
− g
2
pimpi
4 pi f 2pi
, δµ
(`)
d = −
g2pimpi
4 pi f 2pi
, δµ(`)s = −
g2pimK
4pi f 2K
. (104)
We will employ the interval of the strong coupling gpi = 0.57 ± 0.01 extracted from the
experimental measurements for the decay width of D∗+ → D0pi+ [76, 77]. Apparently, our
LCSR determinations of the heavy meson magnetic couplings are in reasonable agreement
with the achieved HHχPT predictions within the theory uncertainties shown in Table 4.
Instead of computing the hadronic matrix elements of the electromagnetic currents of the
light-flavour quarks from the HHχPT technique, the VMD approximation and the covariant
quark model (CQM) are employed to evaluate the second and third terms eq β+ δµ
(`)
q entering
the expression for the heavy meson magnetic coupling (103) in [35] and [71], respectively. In
general we observe a fair agreement of the resulting predictions from three different approaches,
with the exceptions of gD∗+D+γ and gB∗0B0γ. Moreover, the available lattice QCD results of
the charm-meson magnetic couplings gD∗+D+γ and gD∗0D0γ [32] obtained by employing the
gauge field configurations from the QCDSF Collaboration [78] are compatible with our LCSR
calculations. Confronting the previous LCSR predictions including the two-particle higher
twist corrections [21] with the three-point QCDSR estimates at tree level [20] already reveals
some tensions of the determined intervals for gD∗+D+γ and gD∗0D0γ, which could be traced
back to the unaccounted subleading twist corrections from the collinear photon distribution
amplitudes in the above-mentioned LCSR and the systematic uncertainty of the classical sum
rule method due to the contamination from the non-diagonal transitions of the ground state
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to excited states [79]. In addition, the predicted bottom-meson magnetic couplings from
the relativistic quark model (RQM) [72] are in excellent agreement with our LCSR results.
However, the aforementioned RQM predictions for the counterpart charm-meson magnetic
couplings are consistently higher in magnitude than our determinations. We also mention in
passing that our prediction for the B∗0Bγ coupling is consistent with the one determined in
[80].
We further collect the extracted values of gD∗+D+γ from the CLEO data on the branching
ratio of the radiative decay D∗+ → D+γ [16] and the Particle Data Group (PDG) average of
Γ(D∗+) = 83.4 ± 1.8 keV [59] in Table 4, where the displayed interval for the neutral charm-
meson magnetic coupling is obtained from the experimental measurements of BR(D∗0 → D0 γ)
[59] and the estimated result of the total decay width Γ(D∗0) = 55.4 ± 1.4 keV by applying
the well-known isospin symmetry relations of the following strong coupling constants [44]
gD∗+D0pi+ = −
√
2 gD∗+D+pi0 =
√
2 gD∗0D0pi0 . (105)
As far as the magnitude is concerned, our computations of the two couplings gD∗+D+γ and
gD∗0D0γ yield somewhat lower values than determined from the experimental measurements
of the corresponding radiative decay widths. It would be interesting to investigate whether
such discrepancies can be resolved by taking into account the NLO QCD corrections to the
“point-like” photon contributions in the LCSR framework.
6 Conclusion
In the present paper we have computed the twist-two hadronic photon corrections to the
radiative heavy meson decay form factors at the NLL accuracy with the aid of the LCSR
technique. The resummation improved hard-collinear factorization formula for the vacuum-
to-photon correlation function defined with the two interpolating currents for the vector and
pseudoscalar heavy mesons was established by applying the evanescent operator approach and
the two-loop RG equation of the twist-two photon distribution amplitude. We derived the
double spectral representation of the resulting QCD factorization formula and subsequently
construed the desired LCSR for the twist-two resolved photon contributions to the magnetic
couplings M∗Mγ analytically by implementing the parton-hadron duality ansatz and the
double Borel transformation. The subleading twist corrections from both the two-particle and
three-particle photon LCDA up to and including twist-four were further evaluated at tree
level from the same LCSR method, taking advantage of the background field formalism. The
newly determined double spectral densities for the subleading twist contributions enabled us
to perform the continuum subtractions analytically in constructing the higher-twist sum rules
on the light-cone.
Exploring the obtained LCSR for the magnetic M∗Mγ couplings numerically we observed
that the twist-two hadronic photon corrections to the bottom-meson couplings are comparable
to the counterpart “point-like” photon contributions despite of the ΛQCD/ω0 suppression. In
particular, such structure-dependent hadronic corrections gave rise to the dominant contri-
butions to the two magnetic couplings D∗+D+γ and D∗+s D
+
s γ, confirming the previous ob-
servations concluded from the three-point sum rule calculation [20] and the HHχPT analysis
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[24]. Moreover, the predicted NLL QCD corrections to the twist-two resolved photon contri-
butions of the bottom-meson magnetic couplings can generate approximately 20% reduction
to the corresponding tree-level determinations. We further noticed that the subleading twist
contributions to the charm-meson couplings from the two-particle and three-particle photon
distribution amplitudes turned out to be more pronounced than the counterpart effects for
the bottom-meson magnetic couplings. Confronting our LCSR predictions with various eval-
uations from the diverse QCD techniques generally led to a fair agreement for the obtained
values of the M∗Mγ couplings within the theory uncertainties.
Developing the LCSR for the heavy-meson radiative decay form factors beyond the current
work can be pursued further in different directions. First, computing the NLO QCD correc-
tions to the leading power “point-like” photon contributions will be in high demand in order
to achieve a better understanding of the observed gD∗0D0γ tension between the LCSR predic-
tions and the CLEO measurements. The technical challenges of constructing such NLO sum
rules arise from both the two-loop computations of the vacuum-to-photon correlation function
(5) and the analytical determinations of the double spectral densities entering the dispersion
representation of the derived QCD factorization formula. Second, it will be of both technical
and conceptual interest to compute the perturbative QCD corrections to the higher-twist con-
tributions at twist-four systematically in the LCSR framework. Extracting the hard matching
coefficients appearing in the higher-twist factorization formula for the correlation function (5)
at NLO will be complicated by the nontrivial infrared subtractions due to the renormalization
mixing of the different light-ray collinear operators. Third, updating the non-perturbative
parameters in the conformal expansion of the photon distribution amplitudes with the stan-
dard QCDSR approach will be also of phenomenological importance to pin down the theory
uncertainties for the LCSR calculations of the magnetic M∗Mγ couplings.
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A Useful one-loop integrals
We collect in this appendix the analytical results of various one-loop Feynman integrals for
evaluating the NLO QCD corrections to the twist-two resolved photon contributions displayed
in Section 3.
Ia =
∫
[D`] m
2
Q
[(`+ u p)2 + i0][(`− u¯ p− q)2 −m2Q + i0][`2 + i0]
30
=
1
r2 − r1
{[
1

+ ln
µ2
m2Q
− ln[(1− r1)(1− r2)]
]
ln
1− r1
1− r2 + Li2(r2)− Li2(r1)
}
, (106)
Ia,α =
∫
[D`] m
2
Q `α
[(`+ u p)2 + i0][(`− u¯ p− q)2 −m2Q + i0][`2 + i0]
= IA (up)α + IB (p+ q)α , (107)
Ia,αβ =
∫
[D`] `
⊥
α `
⊥
β
[(`+ u p)2 + i0][(`− u¯ p− q)2 −m2Q + i0][`2 + i0]
=
g⊥αβ
4
{
1

+ ln
µ2
m2Q
+
1
r2 − r1
[
(1− r1)2
r1
ln(1− r1)− (1− r2)
2
r2
ln(1− r2)
]
+ 3
}
, (108)
Ib,α =
∫
[D`] m
2
Q `α
[(`− u¯ p)2 + i0][(`− u¯ p− q)2 −m2Q + i0][`2 + i0]
= −IA
∣∣
r2→r3 (u¯p)α + IB
∣∣
r2→r3 qα , (109)
Ic =
∫
[D`] 1
[(`− u¯ p− q)2 −m2Q + i0][`2 + i0]
=
1

+ ln
µ2
m2Q
−
(
1− 1
r1
)
ln(1− r1) + 2 , (110)
Ic,α =
∫
[D`] `α
[(`− u¯ p− q)2 −m2Q + i0][`2 + i0]
=
1
2
[
1

+ ln
µ2
m2Q
−
(
1− r1
r1
)2
ln(1− r1) + 2− 1
r1
]
(u¯p+ q)α , (111)
Id,α =
∫
[D`] m
2
Q n¯ · ` `α
[(`+ u p)2 + i0][(`− u¯ p)2 + i0][(`− u¯ p− q)2 −m2Q + i0][`2 + i0]
=
1
n · p [Ib,α − Ia,α] , (112)
with
IA =
1
r2 − r1 [(r1 − 1) Ia − 2 r2 IB + Ic] , (113)
IB =
1
r2 − r1
[
1− r1
r1
ln(1− r1)− 1− r2
r2
ln(1− r2)
]
. (114)
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The integration measure is defined as∫
[D`] = (4pi)
2
i
[
µ2 eγE
4pi
] ∫
dD`
(2 pi)D
, (115)
and the dimensionless parameters r1 = (u¯ p+ q)
2/m2Q, r2 = (p+ q)
2/m2Q and r3 = q
2/m2Q are
further introduced for brevity.
B Master formulae for the spectral representations
Here we collect the necessary identities for computing the double spectral density appearing in
the dispersion representation of the NLL QCD factorization formula of the correlation function
(5) at the twist-two accuracy.
1
pi
Imr3
∫ r3
r2
dρ
ln(1− ρ)
1− ρ f(ρ) = −
∫ r3
r2
dρ
[
θ(ρ− 1)
1− ρ
]
+
f(ρ) + ln(r3 − 1) f(1) , (116)
1
pi
Imr3
∫ r3
r2
dρ
Li2(ρ)
1− ρ f(ρ) =
∫ r3
r2
dρ
[
θ(ρ− 1) ln ρ
1− ρ
]
+
f(ρ) +
[
Li2(1− r3) + pi
2
6
]
f(1) , (117)
1
pi
Imr3
∫ r3
r2
dρ
ln2(1− ρ)
1− ρ f(ρ) = −2
∫ r3
r2
dρ
[
θ(ρ− 1) ln(ρ− 1)
1− ρ
]
+
f(ρ)
+
[
ln2(r3 − 1)− pi
2
3
]
f(1) , (118)
1
pi
Imr3
∫ r3
r2
dρ
ln(1− r3)
1− ρ f(ρ) = −
∫ r3
r2
dρ
[
θ(1− ρ)
1− ρ +
θ(1− ρ)
1− ρ
]
+
f(ρ)
+ ln
(r3 − 1)2
1− r2 f(1) , (119)
1
pi
Imr3
∫ r3
r2
dρ
Li2(r3)
1− ρ f(ρ) =
∫ r3
r2
dρ
[
θ(1− ρ)
1− ρ +
θ(ρ− 1)
1− ρ
]
+
ln r3 f(ρ)
−
{
Li2(1− r3) + ln r3 ln (r3 − 1)
2
1− r2 −
pi2
6
}
f(1) , (120)
1
pi
Imr3
∫ r3
r2
dρ
ln2(1− r3)
1− ρ f(ρ) = −2
∫ r3
r2
dρ
[
θ(1− ρ)
1− ρ +
θ(ρ− 1)
1− ρ
]
+
ln(r3 − 1) f(ρ)
+
{
ln(r3 − 1) ln (r3 − 1)
3
(1− r2)2 − pi
2
}
f(1) , (121)
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where the “plus” function is defined by∫ r3
r2
dρ [g(ρ)]+ f(ρ) =
∫ r3
r2
dρ g(ρ) [f(ρ)− f(1)] , (122)
and the Heaviside step function θ(r3 − 1) has been suppressed on the right-hand sides of
(116)-(121).
C Photon distribution amplitudes
We summarize the operator-level definitions of the two-particle and three-particle photon
distribution amplitudes up to and including the twist-four accuracy, following the systematic
classification detailed in [22], and taking this opportunity correct several misprints in the
previous expressions displayed in Appendix B of [8].
〈γ(p)|q¯(x)Wc(x, 0) σαβ q(0)|0〉
= −i gem Qq 〈q¯q〉(µ) (pβ ∗α − pα ∗β)
∫ 1
0
dz ei z p·x
[
χ(µ)φγ(z, µ) +
x2
16
A(z, µ)
]
− i
2
gem Qq
〈q¯q〉(µ)
q · x (xβ 
∗
α − xα ∗β)
∫ 1
0
dz ei z p·x hγ(z, µ) . (123)
〈γ(p)|q¯(x)Wc(x, 0) γα q(0)|0〉 = gem Qq f3γ(µ) ∗α
∫ 1
0
dz ei z p·x ψ(v)(z, µ) . (124)
〈γ(p)|q¯(x)Wc(x, 0) γα γ5 q(0)|0〉
=
gem
4
Qq f3γ(µ) εαβρτ p
ρ xτ ∗β
∫ 1
0
dz ei z p·x ψ(a)(z, µ) . (125)
〈γ(p)|q¯(x)Wc(x, 0) gsGαβ(v x) q(0)|0〉
= −i gem Qq 〈q¯q〉(µ) (pβ ∗α − pα ∗β)
∫
[Dαi] ei (αq+ v αg) p·x S(αi, µ) . (126)
〈γ(p)|q¯(x)Wc(x, 0) gs G˜αβ(v x) i γ5 q(0)|0〉
= i gem Qq 〈q¯q〉(µ) (pβ ∗α − pα ∗β)
∫
[Dαi] ei (αq+ v αg) p·x S˜(αi, µ) . (127)
〈γ(p)|q¯(x)Wc(x, 0) gs G˜αβ(v x) γρ γ5 q(0)|0〉
= −gem Qq f3γ(µ) pρ (pβ ∗α − pα ∗β)
∫
[Dαi] ei (αq+ v αg) p·xA(αi, µ) . (128)
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〈γ(p)|q¯(x)Wc(x, 0) gsGαβ(v x) i γρ q(0)|0〉
= −gem Qq f3γ(µ) pρ (pβ ∗α − pα ∗β)
∫
[Dαi] ei (αq+ v αg) p·x V (αi, µ) . (129)
〈γ(p)|q¯(x)Wc(x, 0) gem Qq Fαβ(v x) q(0)|0〉
= −i gem Qq 〈q¯q〉(µ) (pβ ∗α − pα ∗β)
∫
[Dαi] ei (αq+ v αg) p·x Sγ(αi, µ) . (130)
〈γ(p)|q¯(x)Wc(x, 0) σρτ gsGαβ(v x) q(0)|0〉
= gem Qq 〈q¯q〉(µ)
[
pρ 
∗
α g
⊥
τβ − pτ ∗α g⊥ρβ − (α↔ β)
] ∫
[Dαi] ei (αq+ v αg) p·x T1(αi, µ)
+ gem Qq 〈q¯q〉(µ)
[
pα 
∗
ρ g
⊥
τβ − pβ ∗ρ g⊥τα − (ρ↔ τ)
] ∫
[Dαi] ei (αq+ v αg) p·x T2(αi, µ)
+ gem Qq 〈q¯q〉(µ)
(pα xβ − pβ xα)(pρ ∗τ − pτ ∗ρ)
p · x
∫
[Dαi] ei (αq+ v αg) p·x T3(αi, µ)
+ gem Qq 〈q¯q〉(µ)
(pρ xτ − pτ xρ)(pα ∗β − pβ ∗α)
p · x
∫
[Dαi] ei (αq+ v αg) p·x T4(αi, µ) . (131)
〈γ(p)|q¯(x)Wc(x, 0) σρτ gem Qq Fαβ(v x) q(0)|0〉
= gem Qq 〈q¯q〉(µ)
(pρ xτ − pτ xρ)(pα ∗β − pβ ∗α)
p · x
∫
[Dαi] ei (αq+ v αg) p·x T γ4 (αi, µ) + ... (132)
Here, we adopt the following convention for the dual gluon-field strength tensor
G˜αβ =
1
2
εαβρτ G
ρτ . (133)
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